arXiv:1509.01952vl [math.AP] 7 Sep 2015 
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Abstract. Let us consider an initial data vo for the homogeneous incompressible 3D Navier- 
Stokes equation with vorticity belonging to nL . We prove that if the solution associated 
with Vo blows up at a finite time T*, then for any p in ]4, oo[, and any unit vector e of R®, 
the U norm in time with value in p of (u|e)j{3 blows up at T*. 
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1. Introduction 


In this work, we investigate necessary conditions for breakdown of regularity of regular 
solutions to the following 3-D homogeneous incompressible Navier-Stokes system 

{ dtv + div(u (g) u) — Av + VII = 0, (t, x) G x M^, 

div u = 0, 
v\t=o = Vo, 

where v = stands for the velocity of the fluid and 11 for the pressure. We shall 

study necessary conditions for blowing up in the framework of Fujita and Kato solutions. Let 
us sum up the fact about this theory introduced in [7] by H. Fujita and T. Kato that will be 
relevant in our work. 


Theorem 1.1. Let vq be in the homogenneous Sobolev space H 2 . There exists a unique 
maximal solution v in the space C'([0, T*[; 772 ) n r*[; 77 2 ). If T* is finite, then we 

have, for any p in [2, oo[ 


( 1 . 1 ) 





2 dt = 00 . 

P 


The limiting case when p = 00 namely that fact that if there is blow up in finite time T*, 

then limsup ||u(t)|| . 1 is infinite is a consequence of the work [6] of L. Escauriaza, G. Seregin 
t^T* 

and V. Sverak. 


In all that follows, we consider initial data vq with vorticity Dq V x uq belonging to 7^2 . 

3 • _ 1 

Let us mention that dual Sobolev embedding implies that L 2 ^ 77 2 which together with 
Biot-Savart law ensures that vo belongs to 772 . Let us introduce the following family of 
spaces. 


Definition 1.1. For r in ] 2 , 2 ], we denote by V'" the space of divergence free vector helds 

3 

with the vorticity of which belongs to L 2 n . 


Date: 2/22/2015. 


1 



2 


J.-Y. CHEMIN, P. ZHANG, AND Z. ZHANG 


Let US remark that, if we denote 
(1.2) a{r) = ---, 

the dual Sobolev embedding implies that the vector field V*" is included 

into 

The purpose of this work is to generalize the following result proved by the first two authors 
in [5]. 

3 

Theorem 1.2. Let us consider an initial data vq in V 2 , let us consider the unique maximal 
solution V associated with vq given by Theorem 1.1. If its lifespan T* is finite, then we have, 
for any p in ]4,6[ and any unit vector e in 

/ ll(^^(i)|e)K3f. 1 2 dt = 00 . 

Jo r 

We refer to [5] for a detailed introduction about the history of the results involving such 
“anisotropic” norm for the description of blow up. The purpose of the present work is to 
drop the restriction on p supposing that the initial data is more regular. Namely, we prove 
the following theorem. 


Theorem 1.3. Let us consider an initial data vq in let us consider the unique maximal 
solutio n V associated with vq given by Theorem 1.1. If its lifespan T* is finite, then we have, 
for any p in ]4, oo[ and any unit vector e in R^, 


Jo 


dt = 00 . 


Let us compare this theorem with the preceding one. Theorem 1.2 deals with solution 
the regularity of which is exactly at the scaling of {NS). Theorem 1.3 deals with solutions 
which are continuous in time with value in n . But the blow up condition is much 
better. Indeed, the bigger p is, the better the blow up condition is. Let us recall that in the 


case when we control the norm of all component, the blow up condition about L^{H^ p) is 
elementary for finite p. The case when p is infinite, namely that fact that if there is blow 
up in finite time T*, then limsup ||u(t)|| ■ 1 is inhnite is a consequence of the work [6] of L. 


t^T* 


Escauriaza, G. Seregin and V. Sverak. It is a deep result the proof of which uses strongly the 
particular structure of the Navier-Stokes equation. 

Let us mention that the method presented here seems far away from proving the limiting 
case when p is infinite. Let us point out that we have no idea about the following problem; 
let us assume that for some unit vector e of R^, ||(fo|e)]g3||^i is small with respect to some 
universal constant, does it imply that there is no blow up for the Fujita-Kato solution of {NS)? 


2. Ideas of the proof and structure of the paper 

First of all, let us mention that we do not prove directly Theorem 1.3 but in fact the 
following one, which obviously implies Theorem 1.3. 

Theorem 2.1. Let us consider r in [3/2, 2 [ and an initial data vq in V”. If the lifespan T* 
of the unique maximal solution v of {NS) given by Theorem 1.1 is finite, then we have, for 
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any p in 


2 r 

2 — r 


and any unit vector e in 


(2.3) 


r ll(^W|e)M3||%^a 

Jo P 


dt = oo. 


The case when r 


3 

2 


is exactly Theorem 1.2. 


Let us explain the strategy of the proof of Theorem 2.1. We first remark that it makes no 

def 

restriction to assume that the unit vector e is the vertical vector 63 = (0,0,1). We follow 
essentially the same strategy as that in [5] up to some differences due to the fact that the 
regularity of the solution v is higher than the one given by the scaling of the equation. 


The first point consists in rewriting the homogeneous incompressible Navier-Stokes equa¬ 
tion in terms of two unknowns: 

• the third component of the vorticity 11, which we denote by 

ui = div'^ — d2V^ 

and which can be understood as the 2D vorticity for the vector field ,v^), 

• the quantity which is — div/^ = —div^ — d 2 v‘^ because v is divergence free. 

Immediate computations give 

dtui + V ■ Vcj — Auj = dov^ui + d2V^dov^ — div^dov"^, 

3 

dtd^v^ + V ■ Vd^v^ — Ad^v^ + d^v ■ Vv^ = —d^A~^ ^ ^ . 

i,m=l 

Let us analyse this formulation of the Navier-Stokes system keeping in mind that we already 

1 2 

have control of in the norm + ug f^pg^ introduce the notations 

(2.4) Vj)- = {- 82 , 81 ), Ai, = 8 f + 8 l, and 

Then we have, using the Biot-Savart’s law in the horizontal variables 

(2.5) v'^ = + uX- 

Let us concentrate on the equation on w. As we have no a priori control on ui, quadratic 
terms in this equation of (NS) seems dangerous. In fact, there is only one term of this type 
which is A way to get rid of it is to use an energy type estimate and the divergence 

free condition on v. Instead of working with scaling invariant norms as that in [5], namely 

3 

performing a L 2 energy estimate for uj, here we shall perform a energy estimate for ui. 
This is based on the following lemma. 


(NS) { 


Lemma 2.1. Let r he in ]1,2[ and uq a function in L^. Let us consider a function f 
in Ljq^(R“'"; L’’) and v a divergence free vector field in L°°) . If a solves 

. f 8 ta- Aa-\-v ■Va = f 
"" \ a\t=o = Oo 

;L2)nL2^^(R+;iLi) and 


then belongs to L 

1 


OO / 

loc V 


a{t, x)\^dx -|- (r — 1 ) 


( 2 . 6 ) 



IVa(t^,a;)f|a(f^,x)|^ ^dxdt' 


|ao(x)|’’ dx + 



f{t',x)a{t',x)\a{t',x)\^ ^dxdt'. 
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For the proof, see for instance [5], Lemma 3.1. 

The terms on the right-hand side of the equation on cj in (NS) can be decomposed as Cuj+F 
with 

Cuj dsv^u) + d 2 V^dsvl^^i - and F d 2 V^dsv\^^ - div^d^vli^. 

These two terms are different. The term Coj is linear with respect to oj and thus can be 
estimated with quantities related to scaling invariant space after some Gronwall lemma. The 
term T is a forcing term. It is quadratic with respect to us and will be estimated with 
one term related to scaling 0 and another term related to the scaling corresponding to the 
vorticity in U. 

It remains to examine the second equation of {NS), which is 

3 

dtdsv^ + V ■ — Ad^v^ -|- d^v ■ ^ ^ d^v^dmV^'j . 

i,m=l 

The main feature of this equation is that it contains only one quadratic term with respect 
to u!, namely the term 

2 

£,m=l 

Because we control on some norm, a way to get rid of this term is to perform an energy 
estimate on d^v^, namely an estimate on 

\\d3v^{t)\\n 

for an adapted Hilbert space T-L. Indeed, we hope that if we control v^, we can control terms 
of the type 

{diA-\dev'^^^^^idmvL,i)\d3V^)^ 

with quadratic terms in uj and thus it fits with ||93U^|||^ so that we can hope to close the 
estimate. Again here, the scaling helps us for the choice of the Hilbert space H. The 
scaling of H must be the scaling of for a{r) given by (1.2). Moreover, because of 

the operator it is natural to measure horizontal derivatives and vertical derivatives 

differently. This leads to the following definition. 

Definition 2.1. For (s, s') in H^’^' denotes the space of tempered distribution a such that 

< oo with ^h = (6,6)- 

JR® 

For a(r) given by (1.2) and 9 in ]0,a(r)[, we denote , 

We want to emphasize the fact that anisotropy in the regularity is highly related to the 
divergence free condition. Indeed, let us consider a divergence free vector field w = {w^,w^) 
in and let us estimate Hclsrc^ll^e.r-. By definition of the norm, we have 

\\d3W^\\lie,r = Al +Ah with Al'^= ( 

•^l?hl<l?3l 

In the case when |^h| > IC 3 I) since 6 G]0,Q;(r)[, we write that 
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In the case when ^ l^sl; we use divergence free condition and write that 
Al < amp- [ |ehr®“(")|-F(divhini^)(OPde 

•I|?h|<|?3| 

J 

Thus for any divergence free vector field w in we have 

(2.7) \\d3W^\\^e,r <C\\w\\j^l.3^(r). 

To use the space efficiently in the proof, we need to rely them on anisotropic Littlewood-Paley 
theory and also anisotropic Besov spaces. This is the purpose of the third section. 

The first step of the proof of Theorem 2.1 is the following proposition: 


Proposition 2.1. Let vq be in V’’; let us consider a solution v of (NS) given by Theorem 1.1. 
Then for anyp in ] 4, [ and any 6 in ]0, a(r)[, a constant C exists such that, for any t < T*, 

+ P^r{t')f^,dt' < (^i|| |a;o|5||i2 

+ (^ \\d3V^{t')\\ne.rdt'y^exp(c i + 

Here and in all that follows, for scalar function a and for a in the interval ]0,1[, we always 
denote 


1 

r 

( 2 . 8 ) 


(2.9) 


def a . . 
Oq, — r Cl 

a 


Up to some technical difficulties, the proof of this proposition follows essentially the lines of 
the analogous proposition in [5]; it is the purpose of the fourth section. 


Next we want to control \\d‘^v^\\j^ 2 (^y^e,ry As already explained, a way to get rid of the only 
quadratic term in cj, namely 


2 

l,m=l 


is to perform an energy estimate for the norm 


Proposition 2.2. Let vq be in V’’; let us consider a solution v of (NS) given by Theorem 1.1. 
For any p in ]4, ^ g^nd 6 in ] 3a(r) — ^,a(r) [, a constant C exists such that for any t < T*, 

we have 

\\d3V^{t)\\l^e,r + j \\Vd^v^{t')\\\e,r dt' < Cexp{c J T i + | dt'^ 

(2.10) pourtout uad x ^||Hol||r + 

+ ll^^^(^') 

Here and in all that follows, p' denotes the conjugate number of p so that — = 1 -• 

p' p 




11^2 






h + i 




Vujr(t')\ 


2 ( 1 - 

L2 


dt' 
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The proof of this proposition is different from the one of the analogous proposition in [5]. In 
the framework of that article, only laws of product of quantities related to scaling 0 were used. 
Here, two different scalings are involved and we do use the structure of the transport term u-V 
to prove propagation estimate in a quasi-linear spirit. The term {v^-Vi^dsv^\d 3 V^)'^e,r requires 
a particular care (see forthcoming Lemma 5.2). The proof of Proposition 2.2 is the purpose 
of the fifth section. 


A non-standard Gronwall type argument allows to deduce from Propositions 2.1 and 2.2 
that we control the quantities 

(2.11) \\u}\\l^(l-)’ \\d^v^{t')\\‘^e,rdt' and ^ 

Let us also point out that these quantities have different scaling; the quantity 

ft 


'0 


b^(iOr. i,2dt' 


is scaling invariant and the quantities 


\\^\\Lf>{L-), f \\'^‘^dt')\\hdt' and [ \\div^{t')\\l^g,r dt' 
Jo Jo 


are the scaling of the norm Biot-Savart law in the horizontal variable allows 

to prove that all the above quantities in (2.11) prevents the solution v of (NS) from blowing 
up. The details of all this is the purpose of the last section. 


3. Non LINEAR INEQUALITIES AND LiTTLEWOOD-PALEY ANALYSIS 

In this section, we recall or prove estimates that will be useful later on and recall the 
basics of anisotropic Littlewood-Paley theory. As a warm up, let us establish some Sobolev 
type inequalities which involve the regularities of and Va^ in which are relevant to 
Lemma 2.1. 

Lemma 3.1. For r in ]3/2, 2[, we have 

(3-1) llVallir < ||Var ||^2||ar ||£2 • 

Moreover, for s in [—3Q;(r) > 1 — a(r)], we have 

(3.2) l|a|U.<C||<.j||iU''>-*||Vo;||i?‘’'>+*. 

Proof. Notice that due to (2.9), 

2 1 r 

|Va| = -|Var | |af 2 

2 |_ II I 2_i 

= — Van ar ^ , 

fp 2 2 

then we get (3.1) by using Holder inequality. The dual Sobolev inequality claims that 
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Moreover, using again that |Va| = -|Var| |ar|^ Holder inequality implies that 

2 ^ 

||Va||^^ < -\\Vai.\\L2\\ar_\\l^^ 


(3.4) 


< llVoi 


Il2- 


Since r < 2, we have < 2. Then Theorem 2.40 of [1] ensures that 
along with Bernstein’s inequality implies 


which 


1 +r ’ 


l^l-a(r) ^ 


llVall 


nO 
^ 3r 
l+r ’ 


< llVa 


2 11^2) 


from which and (3.3), we conclude the proof of (3.2) and hence the lemma by using interpo¬ 
lation inequality between S obolev spaces. □ 


As we shall use the anisotropic Littlewood-Paley theory, we recall the functional space 
framework we are going to use in this section. As in [3], [4], [8] and [5], the definitions of 
the spaces we are going to work with require anisotropic dyadic decomposition of the Fourier 
variables. Let us recall from [1] that 


A^a = 7-i(</p(2-'=|4|)a), AJa = B-\^{2-%\)a), 

(3.5) 5^ = SJa = and 

A,a = S,a = F-\x{‘2-^\i\)a), 

where .^h = (Ci; ^ 2 ), ^ 0 , and a denote the Fourier transform of the distribution a, x{t) and (^(r) 
are smooth functions such that 

Supp v? C G M / - < |r| < -| 

Supp X C |t G M / kl < 


and Vr>0, ''^ip{2 V) = 1, 
jez 

and x(t) + y^V?(2“^r) = 1. 
j>o 


Definition 3.1. Let {p,r) he in [l,-|-oo]^ and s in R. Let us consider u in 5(^(R^), which 
means that u is in 5'(R^) and satisfies lim ||5 ,u||loo =0. We set 

j^-co 


• For s < I (or s = ^ if r = 1), we define i?^„(R^) =^|u G 5(,(R^) I ||u||rjs < oo|. 

r Jr r y t it I J 

• If k is a positive integer and if ^ + k < s < |-|-A:-|-1 (or s = ^ + k + 1 if r = 1), then 

we define as the subset of distributions u in 5^(R^) such that d^u belongs 

to Bp~^(R.^) whenever \(3\ = k. 

We remark that in the particular case when p = r = 2, Bp^^ coincides with the classical 
homogeneous Sobolev spaces H®. Likewise, we can also define Besov spaces in the inhomo¬ 
geneous context (see [1] for instance). 

The description of the regularity of cur-i in terms of Besov spaces will be useful. This is 
done thanks to the following lemma (see [5], Lemma 5.1). 
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Lemma 3.2. Let {s,a) be in ]0, Ip and {p,q) in [l,oo]^. We consider a function G from M 
to M which is Holderian of exponent a. Then for any a in the Besov space Bp^^, one has 

||G(a)||g„. < ||G||c«(||a||B. )“ l|G||c“ =^sup — 7 ^^' 

R 3. ^ p,q^ \t — r “ 

ct ’ a '^'11 

Similar to Definition 3.1, we can also define the homogeneous anisotropic Besov space. 

Definition 3.2. Let us define the space (-®p,qi)h('^pfg 2 )v space of distribution in 

such that 








is finite. 


We remark that when p = qi = q 2 = 2, the anisotropic Besov space {Bp^g.^)^{Bp'^g^)^ 
coincides with the classical homogeneous anisotropic Sobolev space and thus the 

space is the space defined in Definition 2.1. Let us also remark 

that in the case when qi is different from q 2 , the order of summation is important. 

For the convenience of the readers, we recall the following anisotropic Bernstein type lemma 
from [4, 8]: 

Lemma 3.3. Let Bh (resp. By) a ball of (resp. and Ch (resp. Cy) a ring of 
(resp. let 1 < p 2 < Pi < oo and 1 < q 2 < qi < oo. Then there holds: 

If the support of a is included in 2^Bh, then 


If the support of a is included in 2^By, then 


43a|lL«(L?i) 






If the support of a is included in 2^Ch, then 


|a|lLW(L«)^2 sup 
|q;|=7V 


If the support of a is included in 2^Cy, then 


As a corollary of Lemma 3.3, we have the following inequality, if 1 <p 2 < Pi, 


R®! ^(p2 Pl)! ( (p2 Pl)^ 

^Pl.n IhV P1’'J2 ; 


(^pi<Jl)h('®pi'J2)^ 


To consider the product of a distribution in the isotropic Besov space with a distribution 
in the anisotropic Besov space, we need the following result which allows to embed isotropic 
Besov spaces into the anisotropic ones. 

Lemma 3.4 (Lemma 4.2 of [5]). Let s be a positive real number and {p, q) in [1, oo] with p 
greater than or equal to q. Then one has 
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Lemma 3.5 (Lemma 4.3 of [5]). For any s positive and any 0 in ]0, s[, we have 

ll/ll(i?r/)h(B®i)v - 

One of the main motivation of using anisotropic Besov space is the proof of the following 
Proposition 3.1, which extends r = 3/2 in [5] to general r in ]3/2,2[. 

Lemma 3.6. Let us consider 6 in ]0, 3a(r)[ and 13 in ]0, l/2[.Then we have 

Proof. By definition of || • ^ ^^i- 3 a(r)-/ 3 ^ , we have 

||a||(^o ^ ^^i-3c(r)-/3^ = Hiia) + VLia) with 

(3.7) Hiia) ^ ||A^A/a||i22^(^-3“M-/3) and 

k<i 

VL{a) ^||A^A/a||i22^(^-3“M-^). 

k>e 

In order to estimate HL{a), we classically estimate differently high and low vertical frequencies 
which are here the dominant ones. Using Lemma 3.3, we write that for any N in Z, 

HL{a)< ||A^AJa||i22^(i-3“M-« + ||A^Aja3a||i22-^(3a^^^^^ 


k<l<N 


k<i 

e>N 


By definition of the norm of , we get 

Hda) < \\a\\y^e,r ^ 2^(3a(r)-0)2dl-3a(r)-/3+0) ^ \\d^a\\y^ 9 ,r 2'=(3“M-^?)2-d3a(r)+/3-0)^ 


k<e<N 


k<e 

e>N 


The hypothesis on (/3, 6) imply that 

HUa) < ||a||«,,. + || 83 a||„.„ ^ 2-'" 

£<N t>N 

< ||a||^«,.2^(i-^) + \\dM\uo^r2-^^- 

Choosing N such that 2^ ~ ll|^3Q||-Hg."' 

(3-8) Hiia) < \\a\f^e,r\\dM\\^J!r- 

The term Viia) is estimated along the same lines. In fact, we get, by using again Lemma 3.3, 
that 


VL{a) < Y l|A^A/a||i22'(i-3“M-« +j;||A^A/Vha||i22^(i-3“M-^^ 

l<k<N e<k 

k>N 

ll-^Cr ■ E 2k{3a{r)—9) 2iL—3a{r)—l3+d) 

I 

+ ||Vha||^e,. ^ ^-k{l-3a{r)+e)2tp-3a{r)-P+e) 


< 


e<k<N 


e<k 

k>N 
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Choosing N such that 2^ ~ ||yha||^9,r 

\\a\\y^ 0 ,r 

VLia)<\\a\f^sjV^a\\l^l. 

Together with (3.7) and (3.8), this ensures the lemma. 


□ 


Proposition 3.1. Let v be a divergence free vector Eeld. Let us consider 9 in ]0, 3Q;(r)[ 
and 13 in ]0, l/2[. Then we have 


1/hV^’^ /v 

Proof. Using horizontal Biot-Savart law (2.4) and Lemma 3.3, we have 




(3.9) 




Applying Lemma 3.3 and Lemma 3.5 gives 




(3.10) 

Now let us estimate llto 


l + r’ 1 + r ’ 

< 


||a;|Ul-2c(r)-/5 
3r 1 
'TPF'^ 


\B^ 


in terms of ujr and Va;^ ^ 2 - For s in ] — 2Q;(r), 1[ and 


l + r ’ 


any positive integer N, which we shall choose hereafter, we write that 






j<N j>N 


to 3r 
L1+’’ 


j<N j>^ 

< 2^("+2“M) IIcoIIl. + II Vtoll 


3r 


3r . 
'L^+r 


Choosing N such that 2^^ ~ y 


/ ||Va;|| 3r . _ 

N ^. ( Vtel) i+2“(’’) 




INIIi’’ 


l + r ’ 


yields 


1 —s s+2Q;(r) 

<||a;||;™||Va;||™^. 

L l + T" 


Due to (1.2), l+2Q;(r) = -, then using the above inequality with s = l—2a{r)—/3 €]—2Q;(r), 1[, 
(3.10), and (3.4) gives 






< ||.|||Ub)-0)||v„||5(^B) 




L 1 +’’ 

11-/3 


(3-11) ^ II ^^11^2 II vu.^11^2 • 

The application of Lemma 3.6 together with (3.9) and (3.11) leads to Proposition 3.1. □ 

To study product laws between distributions in the anisotropic Besov spaces, we need to 
modify the isotropic para-differential decomposition of Bony [2] to the setting of anisotropic 
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version. We first recall the isotropic para-difFerential decomposition from [2]: let a and b be 
in 


ab = T(a, b) + T{a, b) + R{a, h) with 

T{a,b) = Sj-iaAjb, T{a,b) = T{b,a), and 


(3.12) 




i+i 


R(^ci^ 6) — ^ ^ AjdAjb^ with — E Aea. 

jez ^=j-i 


Sometimes we shall use Bony’s decomposition for both horizontal and vertical variables si¬ 
multaneously. 

Finally let us recall the following product laws in the anisotropic Besov spaces from [5]: 

Lemma 3.7 (Lemma 4.5 of [5]). Let ? > 1, pi > P 2 > 1 with l/pi-|-l/p 2 < 1, and si < 2/pi, 
S 2 < 2 /p2 (resp. si < 2/pi, S 2 < 2/p2 if q = 1) with si -|- S 2 > 0. Let ui < l/pi, < flP 2 
(resp. cJi < 1/pi, ct 2 < l/p 2 if Q = f) with ai + a 2 > 0. Then for a in (i?p( and b 

{Hlq)h{^plq)v ’ the product ab belongs to and 

ll®^ll r'>1+«2-2/P2^ (^ r‘^1+°'2-1/P2'' II® 


hV-^Pl’? 


t ~ II®|U rSI t (pt°'l \ 11^11^002 t t r“'2 t 


(4.1) 


4. Proof of the estimate for the horizontal vorticity 

The purpose of this section to present the proof of Proposition 2.1. Let us recall the first 
equation of our reformulation (NS) of the incompressible Navier-Stokes equation which is 

dtiv + V ■ Vo; — Auj = dsv^co + d2V^dsv^ — div^d^v^. 

As already explained in the second section, we decompose the right-hand side term as a sum 
of three terms. Hence by virtue of (2.6), we obtain 

/ ||Vwi( 0 ||i 2 dt' = J|||a;o|5||^2 +J^F^(t) with 
-'0 

Fi{t)‘^ [ [ dsv^\aj\'^ dxdt', 

Jo Jr^ 

F 2 it)^= [ [ {d 2 V^d 3 vl^^^i-div^d 3 v‘^^^^i)oJr-idxdt' and 

Jo Jr^ 

-^3(i) / [ {d2V^d3vl-„ - div^d3vli^)ujr-idxdt', 

Jo Jr^ 

where (resp. u^j^) corresponds to the horizontal divergence free (resp. curl free) part of 

the horizontal vector = (u^,n^), which is given by (2.4), and where Ur-i '=^ |cu|'’“^cu. 

Let us start with the easiest term Fi. We first get, by using integration by parts, that 

|Ti(t)| < r f f \v^{t',x)\\d3U!{t',x)\\u{t',x)\'^~^ dx dt' 

Jo Jr^ 

<r / \v^{t',x)\\d3Uj{t',x)\\uL{t',x)\^ dx dt'. 

Jo Jr^ ^ 
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Using that 


p — 2 1 2pr — 3p + 2r 2 

+ X - = 


3p r 6p(r — 1) 
we apply Holder inequality to get 


\Fi{t)\<r ||t’^(t')IL 6p(.-i) dt'. 

Jo L '‘^P'r-' 6 p-\-' 2 ,r 

1 r /P — ^ 

As p is in 4,- , we have that r- belongs to ]0,1[. Then Sobolev embedding and 

2 — r 2p 

interpolation inequality implies that 

2r-p(2-r) / p-2 

Using (3.1) of Lemma 3.1, this gives 


rt 




< 


i;^(t0lLi+|||53W§(O|L2||wr(t')||£2 ^||Vw^(t')||l2'’||w-(t')|L2 


, 1 -- 


'0 


, 1-2 




dt'. 


Applying convex inequality, we obtain 

,,3^ 

rt 


(4.2) 


^i(i)l < ^*ll^'(0ll^i+|||^5(0||!2||Vcu.(0||f2dt' 

r — 1 


< 


^ \\Vu:r{t’)\\l,dt' + C 1+1 11^5(011^2 dt'. 


The other two terms in (4.1) require a refined way of the description of the regularity of lol 


and demand a detailed study of the anisotropic operator VhAj)"^ associated with the Biot- 
Savart’s law in horizontal variables. Now we first modify Lemma 5.2 of [5] to the following 
one. 


Lemma 4.1. Let 9 be in ]0,a(r)[ for a{r) given by (1.2), and a, s be such that 

^ 1 2a 


a G 


r 

ji’h 


and s = - + 1 — 


Then we have 
(4.3) 


dhA^^fdhauJr-idx < min{||/||Lr, \\f\\ne,r}\\a\\j^s\\(nr 


2 
V 

2 II A-" 


for TL^’'' given by Definition 2.1. 


Proof. Let us observe that uir-i = G{u}l) with G{z) z\z\ Using Lemma 3.2, we 

obtain 

2 

CJp-ill 2 ct < llcui; 11^ . 

1 i|| pTT ~ II 2 IIH'^ 

j,/ 

Let us study the product dhOUJr-i- Using Bony’s decomposition (3.12) and the Leibnitz 
formula, we write 



dhttujr-i = T{dYia,ujr-i) + R{chia,ujr-i) + T{ujr-i,dha) 
= d\iT{uJr-i,a) + A{a,uj) with 

A{a,u}) T{dha,ajr-i) + R{dha,ajr-i) — T{d^ajr-i,a). 
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W e first get, by using Lemma 3.3, that 


|AjT(a;r-i, a)||L2 < ^ ||Aj/a||2,2 






LOr—l • 


Here and in what follows, we always denote to be a generic element in the sphere 

of t'^(Z). Then together with (4.4), the above inequality ensures that 


(4.5) 


T{u}r-i,a)\\ 


< 


H' 


-A(3-2a) ^ ii«llHHriiii/' 


\UJz 


Using that the operator <9^A[^ ^ is a bounded Fourier multiplier and the dual Sobolev embed 


3 2(T 

ding U “-A l^y taking s = --in (4.5) that 

2 r 

(9iiAj;'V^T'(wr-i,a)dx = [ dlA^^fT{uJr-i,a)dx 

||T(a;r_i, a)\\j^3a(r) 


(4.6) 


< 


< 


L^\\a\\^,\\u}r 


2 


In the case of the anisotropic norm, recalling that = H 8 ^ using Lemma ??, 

we write 


partiallA^^fT{u}r-i,a)dx < ||/||^(9,r||r(w,._i, a)||^3c(r)-0,0 


(4.7) 


< 


< 


\\f\\n^.r\\a\\j^,\\uj 


2 
p 

2 


Now let us take into account the anisotropy induced by the operator Hardy- 

2r 

Littlewood-Sobolev inequality implies that d\iA^^f belongs to L'^{L^~'') if / is in U. So 

/ 2 r 

that it amounts to prove that A{a,Ld) belongs to (L((’'“^), which is simply an anisotropic 
Sobolev type embedding. Because of s = ^ -|- 1 — ^ < 1, we get, by using Lemma 3.3, 
Inequality (4.4) and Holder inequality with 2 and r', that 


■-1 rr' 


\\AjT{dha,uir-i)\\^^ < Y1 \\Sj'-idi,a\\L 2 \\AjfUJr-i 

li'-il<4 

|j'-il<4 




< C- 2 r 2 2||a||r>s Wr . 
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Along the same lines, we have 


^ ^ II Aj/5hQ-||/^2 II 11^,,/ 


i'>i-3 




c^.^2 2||a||^. 


|Ajr((9hW^_i,a)||^^ < 


^ ^ 11*^1 '—IIl’"' ll'^i'^lli^ 


li'-il <4 




This leads to 


P(a,w)||^i 


2r 2r 
3r —2 ’ 3r —2 


^ II«IIh» 


While it follows from Lemma 3.4 that 


[{B 

3r-2 ’ 3r-2 V V 


2r 2r f 
3r-2 ’ 3r-2 / V 


Sobolev type embedding theorem (see for instance Theorem 2.40 of [1]) claims that 


' _27_ 2r 
3r-2 ’ 3r-2 


-A ^ 


Moreover, since r' > 3 ^^, we have 




As a consequence, by virtue of (4.8), we obtain 


dh\^fA{a,uj)dx < ||.9hAi^V|| ^ \\A{a,u 


2r A1 a,a; 2r 


< ||/||L.p(a,a;)||^i 


2r 2r 
3r —2 ’ 3r —2 


L '^ ||g^||^s 11^^. 


2 


which together with (4.6) gives rise to 


/ dhA^^fdhauJr-idx < \\f\\L-\\a\\^s\\ 0 mr\K. 
IJr3 2 n 

In order to prove the remaining inequality of (4.3), we observe that 


llVhAhVll ^l-3a(r) + e,-e 


-3a(r)+e-e — 11/11^9,’- 


Thus thanks to (4.8), for 6 given by the lemma, it amounts to prove that 


’ 2r 2r 
3r-2 ’ 3r-2 
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As a matter of fact, using Lemma 3.5 and Lemma 3.3, we have, for any 7 in ]0, l/2[, 

2r ) 2r 2r and 

3r-2’3r-2 3r-2’3r-2 3r-2’3r-2 




^-7+2-1, 7 - 1 +i. 


ci0f 1 1 

Let us choose 6 = 7 -Then since 6 < a{r), we have 7 < 2 ’ ensures (4.9). This 

completes the proof of the lemma. □ 


The estimate of F 2 {t) uses the Biot-Savart’s law in the horizontal variables (namely (2.4)) 
and Lemma 4.1 with / = d^io, a = v^. This gives for any time t < T* and a in ] 4 ^ 77737 ,1 [ 
that 


4 a;(t) I / {d2V^{t,x)d3vl^j.i{t,x) - div^{t, x)d3v‘^^,i{t, x))ujr-i{t, x) dx 


< 


3 (^{t)\\L-\\v^{t)\\^ 3 _^\\u;r{t)\ 




By virtue of (3.1) and of the interpolation inequalities between and H^, we thus obtain 


Ut) < ll^'^(t)ll^i+2(i.^)||a^§(t)||£2'||Va;.(t)||^2 




< 








x||‘^§(^)| 


2a 

77 - 

2 ' ' \ \L^ 


\7ujr{t) 


Choosing a = 


{p — 2 )r 
2 p{r — 1 ) 


, which is between — and 1 because p is between 4 and 


2 r 

2 — r 


gives 


Then by using convexity inequality and time integration, we get 

(4.10) |F2(t)| < + C \\v^{t')f^i+i.\\^^{t%l2dt'. 

In order to estimate F 3 {t), we write 

Fsit) = - j^^[d2V^{t',x){diA^^div^){t',x) 

— div^{t', x){d2A^^d3V^){t', x)^ iOr-i{t', x)dxdt'. 
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Since a = - = --thanks to interpolation inequality between Sobolev 

2p(r — l)p 2 r 

we get, by applying Lemma 4.1 with / = and a = v^, that 

^ 0 

H'^ + P 

X (ll^^(^0f. i + 2||wr(t')||i2)^““^''^||Vwr(t')||i" dt’. 

P 


spaces, 


< 


< 


As we have 


1 1 
p 


= 1 , 


2 dt‘ 

"h^+p 


i + a(r) + Q -«(’’)) + ( 
applying Holder inequality ensures that 

1-^3(t)I < (^ \\dlv^{t')\\lie,rdt'y / 

Applying the convexity inequality leads to 

\F3{t)\ < ^ j)\Vior{t')\\l,dt' + ll^'(Oir 1+1 Ihi(0||i2 dt' 

-i r 


2 V 


+ c 


1 + 2 dt''^ 


\\dlv^{t')\\He,rdt'y. 


Conclusion of the proof to Proposition 2.1. Resuming the Estimates (4.2), (4.10) and (4.11) 
into (4.1), we obtain 


+ \\Vu:r_{t')\\l2dt' 


+ C f \\v^{t')\f,, 2 pr{t')f dt\ 

Jo H^ + p" 2 

Inequality (2.8) follows from Gronwall lemma once notice that for C > C. □ 

5. Proof of the estimate for the second vertical derivatives of 

In this section, we shall present the proof of Proposition 2.2. Let be given by Defini¬ 
tion 2.1. We get, by taking the inner product of the equation of {NS) with , 
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that 


(5.1) 


^ with 

n=l 

(5i(i;,i;) =^ (ld+5|A"^)(a3i;^)^+ 9|A"^^ ^ d^v'^dmV^'\ , 
Q 2 {v,v) (ld-|-29|A“^) dsv^dgv^'^ and 


Q3{v,v) =^ i ; • Vdsv^. 

The estimate involving Qi relies on the following lemma. Let us point out that this term Qi 
contains terms which are quadratic with respect to 

Lemma 5.1. Let A be a bounded Fourier multiplier. If p and 9 satisfy 


(5.2) 

then we have 


\{MD)ifg)\d3V^).^e,r 


< 


. 1 1 
0<9<---, 

2 p 


1-3CM-I9 1-1-9 llff|Li3c«M-isi-i-slTTI ■ 1-2 • 


Proof. Let us first observe that, for any couple (a,/?) in R^, we have, thanks to Cauchy- 
Schwartz inequality, that, for any real valued function a and b, 


{a\b)^e,r\ = / |^h|-®“('')+'''-“| 6 r^-'''a( 0 lan 6 l'' 6 (-e)d^ 


(5.3) 


— Il^ll t7 — 6ct(r 


fj-6a(r) + 2e-a -13-28 \\0\\ffa,l5 


1 2 

As AID) is a bounded Fourier multiplier, applying (5.3) with a = 0 and fd = -i—, we 

2 p 

obtain 


(5.4) 


\{A{D){fg)\d 2 ,v‘^).^s^, \ < \\fg\\ 

^ — 6 cK(r) + 26,^ —20 11 I ^0,— 


Because H^’^' = (^l 2 )^^(^ 2 ^ 2 )v’ ^ ™ ]3/2,2[, 3a(r) is less than ij BR^ and thanks to 

Condition (5.2), law of products of Lemma 3.7 implies in particular that 


\\fg\\^ - 6 a(r)+ 20 ,^-|- 


28 r..j 




^-3c«(r) + eA —1-9 lll7ll^^-3c>(r) + eA —1 — 


Due to Lemma 3.4, we have 


l| 03 l'^ll -n 1 + 2 < llu^ll .f, 1,2 < llu^ll . 1,2 
II o 11 ^ 0 ,-2 + - II »^o,-2 + p — II + p 


and thus the lemma is proved. 


□ 


Because both 03 A ^ and bounded Fourier multipliers, applying Lemma 5.1 

with / and g of the form ^hfcuri ^^div with f = g = gives, 

|(gi(u,u)|03^i=')^9,.| < II^1='||^1+|(|I^II^1-3.M+9,1-1-9 + II53 ^i'II^i-3.m+9A^ 
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Because p > 4, r > 4/3, we have ^ ^ < 1, and 9 < a{r) < 1/2 — 1/p so that the 

Condition (5.2) is satisfied. Then we get, by using Lemma 3.5 and Lemma 3.1, that 


(5-5) ||<^||^l-3a(r)+S,l-i-e < 




While it follows from Definition 2.1 that 

JR^ 

Applying Holder’s inequality with measure yields 


I 11^ — 


< 


(5.6) 

We then infer that 


.:j^-3a(r) + e,^nbsp-,-^-e — 11 ^ 11 11 11 ^e,r • 




^+2«w) I 


I (gi(u, v) I d3V^)^e,r I < ( II II^ II Vcu. ||£2 + \\d3V%e,r II 


Convexity inequality ensures 


(5.7) 


\{Ql{v,v)\d3V^)^e,r\ < gllVSsU^ll^e,.+C||u^||^i^|||93U^||^fl,. 

„ ,, ,,2fi+2a(r)) , 

+ C||»=|y,,||,.5l|A "^1 


Vi.It U. 
2 


In order to estimate {Q 2 {v,v) \ d 3 V^^^g ,., we first make the following observation: since 
9 > 3a(r) — 2/p and 4 < p < we have 

2 2 

—h 3a(r) — 1<9< 5a(r) < —h 3a(r), 

p p 


and hence 

We infer that 

:|2 


|^^|2(l-|-6a(r)+20)|^3|2(|+3a(r)-20) ^ |^^|2(-3a(r)+0) |-20|2_ 


^l-6a(r)-|+2e,|+3c«(r)-2fl 


lar 


2(l-|-6aM+2(?) |^^|2(|+3a(r)-20) 


a(Orde 


(5.8) 


Along the same lines, one has 
(5.9) II 


< 


lap(-3“(’’)+®)|6r2'(l^l|a(0l)'^^C 


= l|Va||^.,i 


lp-l-6c«(r) + 2e,3c«(r)-26l — ||Va||^«,.. 


While we get by applying Bony’s decomposition (3.12) in the vertical variable for dsv^div^ 
that 


d3v^dev^ = T''{d3v\ d(,v^) + f''{d3v\ d^v^) + R'{d3v\ d(,v^). 
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The law of product of Lemma 3.7 implies that 




< 


V . 1.2- 




. 1 , 2 . 


Thus we get, by applying (5.3) that 
2 

((ld+29|A-i) Y,{T^id3V^,dev^)+T''id3V^,dev^))\d^v^) 
e=i 


<||u^|| . 1,2 llu'^ 

rs-/ M M II 


\ JJp- —V' 2 p 

„3| 


.l_3c.(r)-§x W'^dsV \\n^,r> 


Whereas applying the law of product of Lemma 3.7 once again yields 


'2-p- 


'Ki),Kr-^) 




which together with (5.4) and (5.9) ensures 


((ld+25|A-i) ^i?"(53/,a^u3) |53U^ 


r=i 


^e.r 


^WW'id.v^dev^)]] 

^ —6 Q:(r) + 20, ^ ^ —26 II ^3^ ||^0,— + ^ 
Therefore, by virtue of Proposition 3.1, we infer that 

I {Q2iv, v) I dzv'^)^e,r I < \\v'^\\^^+l 

Applying convexity inequality yields 


(5.10) 


\{Q2{v,v)\d3V^)^g^,\ <-\\S/d^v^\\\e,r + C\\v^f^^^^\\d^v^\\\e 


+ C^v II . 1,2 oj_ 

" "h^ + p'' 2 


,,4fo(r)+i) ,, ,, 2 ( 1 - 

5 117 "lvi^.||7 


Finally let us estimate {Q‘i{v,v) \ 

Lemma 5.2. ITe have the following inequality. 


,.h| 
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Proof. Let us use the following alternative definition for the inner-product in : based on 
the fact that the space is equal to the space [B 2 finition 3.2. 

(5.11) ^ 

k,t£7? 

By using Bony’s decomposition (3.12) to for both horizontal and vertical 

variables, we write that 

■ Vi,d3v^ =(T*" + + T^) (T'^ + R^ + S/i^dsv^) 

=T'^T^{v'^,Vhd 3 V^) +A +B with 

(5.12) A Vhdsv^) + Vhd3V^) 

B =^R^T^iv^, Vhd3V^) + R^K'iv^, 

+ ^*^^"(^;^ Vh93t’^) + f^R^v^, Vh^su^) + f^T^v^, Vhd3V^). 

• The estimate of {AlA}T^T''{v^,Vhd 3 V^) \ AlA}d 3 V^)^ 2 - 

By applying commutator’s argument and also considering the support to the Fourier trans¬ 
form of the terms in T^T^{v^, Vhcl 3 U^), we write 

{AgA;T»r>(A,Vua3i'“) I il, ++ with 

|A:'-fc|<4 

\e'-e\<4 

4 /= E ((5fc^-l^J-l^"-5^l^J-l^")A^tApA^AJnah93u3|A^AIa3^;3)^^ and 
|A:'-fc|<4 

\e-e\<4 

-^K-i^J-idivhu"A^AJ53u3 I AlA}d3V^)^,. 

It follows from a standard commutator’s estimate (see for instance [1]) that 

|fc'-fc|<4 

\e'-e\<4 

+ 2-^\\S]l,_,S}_,d3V^h^)\\Al,A}V^^^ 

Note that applying Lemma 3.3 gives 
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from which, we infer that 


2-^ 


|fc'-fc|<4 

|£'-£|<4 


< 




-3oc(r)+e,^-i;-e 


|fc'-fc|<4 

|£'-£|<4 


X ||<93i;^||^i_3„(,)+e,i_l_eCfc,£2^'^2 p)\\d3V^\\^o,-^ + ^ 


< 4/22^(3a(r)-0)22£^^||^3|| /||y^^h||2 






-3a(r) + e,^-l-e 


+ \\d3V^f^i-3.(r)+e,^^-l-e)- 


Here and in what follows, we always denote {ck,e) f, ^^•^2 (resp. {dk,e) ^^^ 2 ) to be a generic 

element of the sphere in (resp. £^{7?)). The same estimate holds for 

Likewise, since 






2 -' ^ \\Sl,_,S}_,dsv^h^\\Al,A}V^ds^^^ 


|fc'-fc|<4 

\i'-i\<4: 


< 2 ^ ^ Cfc',f'2^ 


fc' 1-- 


pJ 2 


T(l+3a(r)+|) II hi 


|fc'-fc|<4 

\e'-e\<4 




||4„3|| .. 


j:^--|-6c<(r)-|-20,|+3a(r)-2S 




Therefore, by virtue of (5.8), we obtain 

i-3.M+9,i-i-e + 11^^11/pi ^ / .i-3«M-iN l|V53t'^|lHe,-)- 


(5.13) 


' fJ^-3o‘(r)+0,^-^-0 


+ 


3||2 


The same argument gives the same estimate for /|^. We thus conclude that 

{AlA}T^T''iv^,V^dsv^) I AlAJdsv^)^, 

also verifies the Estimate (5.13). 

• The estimate of (A^AJH | A^Aj)^ 2 - 
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We first get, by applying Lemma 3.3, that 


(5.14) 






In view of (5.14), Lemma 3.3, and also considering the support to the Fourier transform to 
terms in T’^i?'"(u’^, Vhclsu^), we write 

\\AlAJT^R^v^,V,,dsv^)h2 <2^/^ ||A^,AJ,Vh93^'llL^ 

|fc'-A:|<4 

e'>e-3 


|A:'-A:|<4 

e>e-3 


^ 11^3^^ ||^l_|_6a(r) + 2fl,|+3c<(r)-2S) 


which gives 

||A^AIT‘^i^''(u^ Vh53u3)||i2 < Cfc,,2'Ki+3«M-e)2-<|-2e) 

, ii;1o2'3i 

0, 


X \\v 


^l-3a(r)-§> 
2,1 


Therefore since 


.2k e 


^l-f-6a(r) + 2e,f+3c(r)-2e- 


W^k^Jdsv \\l 2 < Ck,e2 22||u |L 2s . 1 s 


< 

rs_/ 


_ 2fc ^11 0,1 

Cke2 p 22 ki .1,2, 


we obtain 


(5.15) 


|(A^AJT>^i?-(u^Vh93u3) I A^AP3 u 3)^,| <4,£22^(3aW-e)22^0||^3|| 


X u" 


^l_3a(r)-|s^ ||^l_|_6c.(r) + 2e,|+3c«(r)-2£l- 


Along the same lines, we infer from (5.14) that 

l|AhAv^h^4u^Vh53u3)||^2 < ||5h_iApui'||ij.(i2)||Ah5J,_iVh53u3||^2(^^^) 


|fc'-fc|<4 

|£'-£|<4 


<CkA 


fc 1-44^ 


(j3a(r)+ 


X \\V 


hi 


so that we obtain 

|(A^AJT>^^4u^Vh93u3) I A^AJ53 u 3)^,| <4,£22^(3aM-^?)22^0||^3|| 


ll/is,, \ ll'93^^^||^l-|-6a(r) + 2e,|+3a(r)-2e. 




,3 
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from which, (5.8) and (5.15), we deduce that 

\{AlAJA I <4,.22^(3a(r)-e)22£e||^3||^^^^ 

• The estimate of [A^AJB \ A^Aj)^ 2 - 

Again considering the support to the Fourier transform to terms in we 

get, by applying Lemma 3.3, that 

||A^AIi^^i^ 4 ^;^Vh 53 ^')||L 2 E II||A^, 

k^>k—3 

e'>£-s 


2 k2i/2 


k'>k—3 

i'>e-3 


X ll^h'y 11^1 _3c«(r)-hS,l-l-e 1141^^11^1-3a(r) + e,l~l-e 


l-i_fl 0311 . 1 


-3a(r) + e 1-i-S) 


by using the fact that 3a(r) “^<O<0<^ — |. 

Likewise, we have 

||A^AJi?hr44,Vh44)||^2 <2^ ||Ah5J,_i4||^3(^^^)||A^,ApVh4443 

k'>k—3 

\£'-£\<4 

<2^ Cfc.,^.2-^'(i-6“M+2®)2"^'(^"i""'') 


k’>k-3 

\e'-e\<A 


^ limbi’ 11^1-3a(r)+e,^-i-e 


Ill^ll . 1 


■3a(r) + e,i-l-e 


p '"^llVhii’^ll, 1 


— 3o'(r) + 0,i — i—6 II 3^ II ■l_3o'(r) + 0,i — i—6* 


It is easy to check that all the remaining terms in B given by (5.12) share the same estimate. 
Therefore, we obtain 

\{AlA}B I A^AJ)^2| <||A^AIil||^.||A^AJ4. 

(5.17) <4,£22^("“(^)-'^42^^||Vhi;"||^i_3.„+,,i_i_. 

X II44II_3„M+Gi-i-« II44II^0,-1+1 • 

Inserting the Estimates (5.13), (5.16) and (5.17) in (5.12) leads to Lemma 5.2. □ 

Thanks to Lemma 5.2, we get, by applying (2.4) and Proposition 3.1, that 

|(4-Vh4ii"l44)^«..| 

I /'ll , II |P“p I HO,,Slip IIV70...,3||^~P^ ||V70 ..o,3|| „ ^ 


+ ll^ilL^ 


llv^illL^ +114411^,,,||V44||^,,^,)||V4 ii=*I4g. 
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from which, (??) and (5.6), we infer 


Vha3r;^|a3r;^)^«,„| < i+| f|| II Vwr 


(5.18) 


+ 


/ 2 ^ 1_— — 1_— \ 

(II a;r || J || Vu;. ||^7 + ||53t;=*|| J«,.||V53z;3||^7,) ||V53z;3||^«,. 


To estimate {y^d\v^ \ we write, according to (5.3), that 

\{f\9)-H0 ’’’I — ll/ll^-l-3a(r) + |+e,-0 IklUi -3a(r)-|+e,-0 


'H 


As 6 > 3a(r) — |, we get, by applying law of product of Lemma 3.7 and then Lemma 3.5, 
that 

\{v^div^\d3V^)^e,r\ < |b^9|u3||^_i_3.M+|+9,-J|53^^^ll^i-3.M-|+G-e 


< 


i N \\div^\\n^,r\\d3v'^n^^^^_z+e,_ 


H 

3| 


'mM.) 


H 


< lyW^i+iWdsV \\no,r\\d3V 


I ^i-3a(r)-^+e-e 


This along with the interpolation inequality which claims that 

J 

2 ( 1 - 

< l|a||^4^rl|Vha||.^V 


1 - 


2 ' 

' Pj 

Lr 1 


ensures 


\{v^div^\d3V^)^e^, \ < \\v^\\j^i + l\\d3V^\\^eJ\Vd3V^\\^e,r- 
Due to (5.18) and convexity inequality, we thus obtain 


1 , 


|(Q3(u,u) |93U^)^9^,| < -W^dsV^Wl^g^r + C\\v^f^i^^\\d3V^\\l^0,r 


(5.19) 


2 (2a{r)+^ 


+ C||u3||.i,2 COz y ] 


+ C||u II . 1,2 oj_ 

"fj^+pW 2 


,,4(a(r)+i) ,, ,, 2 ( 1 - 

ill7 "■'lIv-ilLi 


Now we are in a position to complete the proof of Proposition 2.2. 


cs| a. 
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Conclusion of the proof to Proposition 2.2. By resuming the Estimates (5.7), (5.10) and (5.19) 
into (5.1), we obtain 


(5.20) 








+ lb W .i + d^sv \\^e,r + \\v II 1 + 2 Wr ^ 


4(a(r)+i) 


On the other hand, Inequality (2.7) cla ims that USsUgH^e.r < ||no||^i- 3 c.(r) < H^^oIIl'’- Thus 
Gronwall’s inequality allows to conclude the proof of Proposition 2.2. □ 


6. Conclusion of the proof of Theorem 2.1 

The first main step is the proof of the following proposition. 

Proposition 6.1. Let us consider a solution v of {NS) given by Theorem 2.1. For any p 
in ] 4, [ and 9 in ] 3a(r) r) [, a constant C exists such that, for any t < T*, we have 


|2(l+2pQ;(r)) 


+ ^ m and 


|| 93 n^(t)||^e,r + ||V 53 n^||^ 2 (^ 0 +) < \\Llo\\lrS{t) with 

£{t) exp(^Cexp(c j \\v^{t')\f^i^^ dt'^fliggr). 

Proof. The important point is the proof of the following estimate; for any t in [0,T*[, we 
have 


( 6 . 21 ) 


2(l+2pa(r)) 2(l+2p«(r)) 

L2 + L2(L2) 


< C'||fIo|lli^’^^^“^’’^^ exp^Cexp^^C J ||n^(t')ir 1 + 2 


In order to do it, let us introduce the notation 


( 6 . 22 ) 


e(T) =^C'exp(c' / ||n^(t)f. 1 2 • 

V Jo H^+p ) 


where the constant C may change from line to line. As (0 + 6)2 ~ 02 + 62 , Proposition 2.2 
implies that 


\\dlv\t')\\\e,r dt'Ye{T) < e(T)(||P!o||£. + V^i(t) + V 2 {t)) with 


(6.23) 


yi{t) = [ 11^ (oii^i+i 


^2(t) = I / lit- (i')ll .1 + 2 Wr 

V./n 2 


■’§(D||ls '* '^l|Wi(t')||7*'^ and 


Let us estimate the two terms Vj{t),j = 1,2. Applying Holder inequality gives 




\Vujr{t')\\l,dt' 
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As we have 


o 1-r =r[a{r) + — ) = 


1 \ r (1 + 2pa(r)) 


pJ \ ' 2p 

convexity inequality implies that, for any t in [0, T], 


2p 


(6.24) 




,3^+GIIP II,.^+/M|2(l+2p«(r)) 


+ e(r)( I 11^; (t)|r 


Now let us estimate the term V 2 (t). Applying Holder inequality yields 

r 2 


1 —i 

2V P 


As we have 


p 


1-1-=r a{r) H— = 


1\ r (1 + pa{r)) 


P 


convexity inequality implies that 


(6.25) 


e(r)U(t)<^^'||Va,,(*')||l,<i(' 


+ e(T)( / ||^=((')IIA,,ik=(*')lll‘h’’“‘’’” 


Let us notice that the power of ||wl||j ^2 here is not the same as that in Inequality (6.24) 
Applying Holder inequality with 

1 + 2pa{r) 


Q = 


1 + pa{r) 


and with the measure ||u^(t')||^ i 2 dt' gives 


»=(oir..aihi(‘')iii'L'’""’’’*' 


H^-^p 


l+pQ;(r) 


< 


* „ \ (^ ij) ^ l+pa(r) 

\\v^{t )|| 1 + 2 dt 

H^+P 




By definition of e(r), we have 


0 


l+pa(r) 

\\v^{t')r,^^,dt'] e{T)<e{T). 

H^'^p J 


Thus we deduce from (6.25) that 

e{T)V2{i^ j\vu:r_{t')\\l,dt'+e{^^^^ dt^ 
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Inserting this inequality and (6.24) in (6.23) gives, for any t in [0,T], 


\\dh^{t')\\ne,r dt')\{T) < 


2(r - 1) 


|Va;. (011^2 dt' + e(r)||IIo||) 


+ e(r) ||n 3 (t') f , ||u;. (t') || dt') • 


Hence thanks to Proposition 2.1, we deduce that 

+ ^ /' l|Vi^i(*')lli> dt' < ||f!„HTe(r) 




Taking the power 1 + 2pa{r) of this inequality and using that 

(a _|_ 5)l+2po(7’) ^ ^l+2po(r) ^l+2po(r)^ 

we obtain for any t in [0, T], 


l‘^iW|lL2 


2(l+2pQ(r)) 


/ rt \ l-l-2pQ(r) 


+ e(r) f ||i;^(tOf. 1 + 2 ||wr(tO| 

Jo 2 


,s 2{l+2pa{r)) 

) L2 


Then Gronwall lemma leads to Inequality (6.21). On the other hand, it follows from Propo¬ 
sition 2.2 that, for any t < T*, 

\\d3V^{t)\\l^e,r + [ \\Vd3V^{t')\\l^g,rdt' 

Jo 

+ 1,2 <^r LL/r21 ^ 12/121 )• 

(L^) II 2llL?(T2) J 

Inserting the Estimate (6.21) in the above inequality concludes the proof of Proposition 

6 . 1 . □ 


Thus, if we assume that 


(6.26) 

we know that the quantities 


/ \\v^{t)\f. 1 + 2 dt < 00 , 

/o H^^p 


rT* I'T* 

(6.27) ||a;||ioo([o,r*[;L’-), / llVwr (t )||^2 dt, and / ||9|n^(t)||^e+dt 

Jo Jo 

are finite. We want to prove that it prevents this solution from blowing up. Let us recall the 
following theorem of anisotropic condition for blow up. 
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Theorem 6.1 (Theorem 2.1 of [ 5 ]). Let v be a solution of (NS) in the space (^([O, T*[; 2 ) n 

L2^,([0,r*[;i?3/2). If 

T* is the maximal time of existence and T* < 00 , then for any {pk,e) 

in ]1, oop, one has 

cT* 


E 

l<fc,£<3‘ 


v^{t)\fJ’^ dt = 00 , 




where = B, 


def a“2+- 


Now let us present the proof of Theorem 2.1. 

Proof of Theorem 2.1. We first deduce from Lemma 3.3 that 

maxJdiV^WB, < sup2H"^+l)||Aju=^||L» < sup2^5+1) 11^2 < Hu^H . 


l<^<3 ■ JGZ 

which ensures that 




rT* 




(6.28) 

As we have 


max / 


B, 


dt< ||i’^(i)F. i. 2 dt< 00 . 
Jo P 




H 2 + p 


SO that for u*?- = —VhA. there holds 


(6.29) 


[ llVh^^divWllHp dt< f ||u3(t)f. 12 dt < 00 . 

Jo ^ Jo P 


The other components of the matrix Vu can been estimated with norm which are not of 
scaling 0, namely norms related to regularity of the horizontal vorticity lo. To proceed 
further, we get, by using Lemma 3.3, that 


I A,a 


jU\\Lo 


< 


< 


< 

r\j 


2^=21 IIAhAJa||i2 


£<j+l 


||a||^l_3„M+«.-e 2'=(3a(r)-(?)2<|+e) 

2j ( 5 + 30 ( 7 -)) 


^<7 + 1 


\a\\^l- 3 c£(r)+ 9 ,- 9 ^ 


1 3 

because “x — 3a(r) = —2 H—^ > this leads to 


(6.30) 


“11^2+ ~ ||a||j:^l-3c«(r)+e,-e 


ci0f 

Let us define q{r) = —. As r belongs to ]3/2,2[, q{r) is in ]4/3,2[ and thus is less than 2. 

o 

Observing that 

ll^3'l’divllAl-3“W+«.-S ~ ||VhAj^ ^9|u^||^l_3c(r) + e,-e < ||9|u^||-^0,r, 
then applying Inequality (6.30) and Holder inequality, we deduce that 


(6.31) 




1 - 


siil 




\\d 3 V^it)\\'ne,rdt 


Qp) 

2 


< 00 . 
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Let US admit for a while that 

(6.32) < \Nuj{t)\\Lr. 

Lemma 3.1 implies that 

II IIl’’ ^ ll^§ IIl°°([0,T*;L2) (^) 112,2 • 

Then Holder inequality implies that 




sill'' 


,,h z'+MllW <: 2 


I ii““i 

l^^i ll£°°([o,: 


,r*[;L 2 )(/ l|Vwr(t)||^ 2 dtj <oo. 


q'(T-) 

2 


Together with Inequalities (6.28), (6.29) and (6.31), this concludes the proof of Theorem 2.1 
provided we prove the Estimate (6.32). 

Let us start with the term Dual Sobolev embedding implies that 

||w|l22l-3a(r) < l|Va;||^_3c<(r) < ||Vu;||2,r. 

As we get, by using Lemma 3.5 and (6.30), that 


(6.33) 


l|Vh<ril|B,„ < < llVcalli. 


The term Sau*! i is treated as follows. Let us write that 


^jd3VcuTl= Y1 


k<j+l 

e<j+i 


Using Lemma 3.3, we can wri te 


2-^(?-i)||A,53U,^, 


curl 11 


< 


< 

rs_/ 


< 


^ ||A,AjAJ 83 Vil-A^G| 


k<j-\-l 

e<j+i 




k<j+l 

e<j+i 


30 ; Hr . 


This concludes the proof of (6.32) and hence also the proof of Theorem 2.1 . 
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